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PLUS/MINUS HEEGNER POINTS AND IWASAWA THEORY
OF ELLIPTIC CURVES AT SUPERSINGULAR PRIMES
MATTEO LONGO AND STEFANO VIGNI
Abstract. Let E be an elliptic curve over Q and let p ≥ 5 be a prime of good supersingular
reduction for E. Let K be an imaginary quadratic field satisfying a modified “Heegner
hypothesis” in which p splits, write K∞ for the anticyclotomic Zp-extension of K and let Λ
denote the Iwasawa algebra of K∞/K. By extending to the supersingular case the Λ-adic
Kolyvagin method originally developed by Bertolini in the ordinary setting, we prove that
Kobayashi’s plus/minus p-primary Selmer groups of E over K∞ have corank 1 over Λ. As
an application, when all the primes dividing the conductor of E split in K, we combine our
main theorem with results of C¸iperiani and of Iovita–Pollack and obtain a “big O” formula
for the Zp-corank of the p-primary Selmer groups of E over the finite layers of K∞/K that
represents the supersingular counterpart of a well-known result for ordinary primes.
1. Introduction
Let E be an elliptic curve over Q of conductor N > 3. By modularity, E is associated with
a normalized newform f = fE of weight 2 for Γ0(N), whose q-expansion will be denoted by
f(q) =
∑
n≥1
anq
n, an ∈ Z.
Let K be an imaginary quadratic field in which all primes dividing N split (i.e., K satisfies
the so-called “Heegner hypothesis” relative to N) and let p ≥ 5 be a prime of good reduction
for E that is unramified in K. Write K∞/K for the anticyclotomic Zp-extension of K, set
G∞ := Gal(K∞/K) ≃ Zp and define Λ := Zp[[G∞]] to be the Iwasawa algebra of G∞. Under
some technical assumptions, Bertolini showed in [2] that if the reduction of E at p is ordinary
then the Pontryagin dual of the p-primary Selmer group of E over K∞ has rank 1 over Λ and
is generated by Heegner points. In this paper we prove similar results for Pontryagin duals of
restricted (plus/minus) Selmer groups a` la Kobayashi in the supersingular case.
Set GQ := Gal(Q¯/Q) and let
ρE,p : GQ −→ Aut(Tp(E)) ≃ GL2(Zp)
denote the Galois representation on the p-adic Tate module Tp(E) ≃ Z
2
p of E. Assume that
E has no complex multiplication and fix once and for all a prime number p for which the
following conditions hold.
Assumption 1.1. (1) p ≥ 5 is a prime of good supersingular reduction for E;
(2) ρE,p is surjective.
Thanks to Elkies’s result on the infinitude of supersingular primes for elliptic curves over
Q ([12]) and Serre’s “open image” theorem ([27]), we know that Assumption 1.1 is satisfied
by infinitely many p.
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Suppose now that N can be written as N = MD where D ≥ 1 is a square-free product of
an even number of primes and (M,D) = 1. Let K be an imaginary quadratic field, with ring
of integers OK , such that
Assumption 1.2. (1) the primes dividing pM split in K;
(2) the primes dividing D are inert in K.
In particular, Assumption 1.2 says that K satisfies a modified Heegner hypothesis relative to
N . In many of the arguments below, one only uses the fact that E has no p-torsion over K∞,
which, by [16, Lemma 2.1], is true even without condition (2) in Assumption 1.1 provided
that p splits in K. However, in order to get better control on the field obtained by adding to
the m-th layer Km of K∞/K the coordinates of the p
m-torsion points of E we will make use
of this assumption. More generally, we expect that condition (2) in Assumption 1.1 can be
somewhat relaxed, for example by just requiring that ρE,p has non-solvable image (as done,
e.g., in [7] and [8]).
The last assumption we need to impose, which holds when p does not divide the class
number of K, is
Assumption 1.3. The two primes of K above p are totally ramified in K∞.
This is a natural condition to require when working in the supersingular setting (cf., e.g.,
[11, Assumptions 1.7, (2)], [16, Hypothesis (S)], [26, Theorem 1.2, (2)]); for example, it will
allow us to apply the results of [16].
When D = 1, the results obtained by C¸iperiani in [7] tell us that
• the p-primary Shafarevich–Tate group Xp∞(E/K∞) is a cotorsion Λ-module;
• the Λ-coranks of the p-primary Selmer group Selp∞(E/K∞) and of E(K∞) ⊗ Qp/Zp
are both 2.
Under Assumptions 1.1–1.3, the present article offers an alternative approach to the study
of anticyclotomic Selmer groups of elliptic curves at supersingular primes. More precisely,
following Kobayashi ([17]) and Iovita–Pollack ([16]), we introduce restricted (plus/minus)
Selmer groups Sel±p∞(E/K∞), whose Pontryagin duals X
±
∞ turn out to be finitely generated
Λ-modules.
Our main result, which corresponds to Theorem 5.1, is
Theorem 1.4. Each of the two Λ-modules X±∞ has rank 1.
This can be viewed as the counterpart in the supersingular case of [2, Theorem A]; as
such, it provides yet another confirmation of the philosophy according to which Kobayashi’s
restricted Selmer groups are the “right” objects to consider in the non-ordinary setting.
Our strategy for proving Theorem 1.4 is inspired by the work of Bertolini in [2] and
goes as follows. First of all, we construct Λ-submodules E±∞ of the restricted Selmer groups
Sel±p∞(E/K∞) out of suitable sequences of plus/minus Heegner points on E. On the other
hand, results of Cornut ([9]) and of Cornut–Vatsal ([10]) on the non-triviality of Heegner
points as one ascends K∞ imply that the Pontryagin dual H
±
∞ of E
±
∞ has rank 1 over Λ.
Finally, a Λ-adic Euler system argument, to which the largest portion of our paper is devoted,
allows us to prove that there is a natural surjective homomorphism of Λ-modules
X±∞ −։ H
±
∞
whose kernel turns out to be torsion, and Theorem 1.4 follows.
It is worth remarking that the main difference between the ordinary and the supersingular
settings is that, in the latter situation, Heegner points over K∞ are not naturally trace-
compatible. In particular, there is no direct analogue of the Λ-module of Heegner points
considered in [2] and [25]. In this paper we explain how to define subsequences of plus/minus
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Heegner points that satisfy a kind of trace-compatibility relation of the sort needed to study
restricted Selmer groups as in [2].
As an application, combining our main theorem with results of C¸iperiani and of Iovita–
Pollack, we obtain the following “big O” formula (Theorem 6.1) for the Zp-corank of the
p-primary Selmer groups of E over the finite layers of K∞/K.
Theorem 1.5. If D = 1 then corankZp
(
Selp∞(E/Km)
)
= pm +O(1).
This is the supersingular analogue of a well-known result for ordinary primes; in fact,
Theorem 1.5 proves [3, Conjecture 2.1] when p is supersingular and K∞ is the anticyclotomic
Zp-extension of K. Here we would like to emphasize that, due to the failure of Mazur’s
control theorem in its “classical” formulation, knowledge of the Λ-corank of Selp∞(E/K∞) as
provided by [7, Theorem 3.1] is not sufficient to yield the growth result described in Theorem
1.5 (see Remark 6.3 for more details). Moreover, assuming the finiteness of the p-primary
Shafarevich–Tate group of E over Km for m ≫ 0, standard relations between Mordell–Weil,
Selmer and Shafarevich–Tate groups of elliptic curves over number fields lead (at least when
D = 1) to a formula (Corollary 6.5) for the growth of the rank of E(Km).
As already mentioned, the techniques employed in this paper are close to those of Bertolini
[2]. Similar results could presumably be obtained via different approaches, for example by
adapting the arguments of C¸iperiani in [7] (which rely on the techniques developed in [8])
or, following Mazur–Rubin ([21]), by using Λ-adic Kolyvagin systems as is done by Howard
in [15]. In particular, we hope that extending the point of view of [15] to the supersingular
setting would lead to an understanding of the torsion submodule of X±∞: we plan to come
back to these issues in a future project.
Acknowledgements. It is a pleasure to thank Mirela C¸iperiani for helpful discussions and
comments on some of the topics of this paper. We would also like to thank Christophe
Cornut for useful correspondence on his joint work with Vinayak Vatsal.
2. Anticyclotomic Iwasawa algebras
We briefly review the definition of the anticyclotomic Zp-extension K∞ of K and then
introduce the Iwasawa algebras that will be used in the rest of the paper.
2.1. The anticyclotomic Zp-extension of K. For every integer m ≥ 0 let Hpm denote the
ring class field of K of conductor pm, then set Hp∞ := ∪m≥0Hpm. There is an isomorphism
Gal(Hp∞/K) ≃ Zp ×∆
where ∆ is a finite group.
The anticyclotomic Zp-extension K∞/K is the unique Zp-extension of K contained in Hp∞ .
We can write K∞ := ∪m≥0Km, where Km is the unique subfield of K∞ such that
Gm := Gal(Km/K) ≃ Z/p
mZ.
In particular, K0 = K. Set
G∞ := lim←−
m
Gm = Gal(K∞/K) ≃ Zp.
Finally, for every m ≥ 0 let Γm := Gal(K∞/Km), which is the kernel of the canonical
projection G∞ ։ Gm.
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2.2. Iwasawa algebras and cyclotomic polynomials. With notation as before, define
Λm := Zp[Gm] and
Λ := lim←−
m
Λm = Zp[[G∞]].
Here the inverse limit is taken with respect to the maps induced by the natural projections
Gm+1 → Gm. For all m ≥ 1 fix a generator γm of Gn in such a way that γm+1|Km = γm;
then γ∞ := (γ1, . . . , γm, . . . ) is a topological generator of G∞. It is well known that the
map Λ → Zp[[X]] defined by γ∞ 7→ 1 + X is an isomorphism of Zp-algebras (see, e.g., [24,
Proposition 5.3.5]). We will always identify these two Zp-algebras via this fixed isomorphism.
Let Φm(X) =
∑p−1
i=0 X
ipm−1 be the pm-th cyclotomic polynomial and set
ω˜+m(X) :=
∏
2≤n≤m
n even
Φn(1 +X), ω˜
−
m(X) :=
∏
1≤n≤m
n odd
Φn(1 +X), ω
±
m(X) := X · ω˜
±
m(X),
ωm(X) := ω
±
m(X) · ω˜
∓
m(X) = ω
∓
m(X) · ω˜
±
m(X) = X ·
∏
1≤n≤m
Φn(1 +X) = (X + 1)
pm − 1.
Then Λm is isomorphic to Zp[[X]]/(ωm) under the isomorphism Λ ≃ Zp[[X]] described above.
We also define
Λ±m := Zp[[X]]/(ω
±
m).
There are surjections Λ ։ Λm ։ Λ
±
m and a canonical isomorphism Λ
±
m ≃ ω˜
∓
mΛm given by
multiplication by ω˜∓m.
Remark 2.1. If m is even then ω˜+m = ω˜
+
m+1, hence ω
+
m = ω
+
m+1 and Λ
+
m = Λ
+
m+1. On the
other hand, if m is odd then ω˜+m+1 ≡ pω˜
+
m in Λm, by which we mean that ω˜
+
m+1 and pω˜
+
m have
the same image in Λm (hence in Λ
+
m and Λ
−
m as well). Analogous relations (with the roles of
“even” and “odd” reversed) hold in the case of sign −.
For every integer m ≥ 1 set Dm := Gal(Km/Q) and Λ˜m := Zp[Dm], then define D∞ :=
Gal(K∞/Q) = lim←−mGal(Km/Q) and let Λ˜ := lim←−m Λ˜m = Zp[[D∞]] be the Iwasawa algebra of
D∞ with coefficients in Zp. Recall that for every m ≥ 1 there is a canonical isomorphism
Gal(Km/Q) ≃ Gm ⋊Gal(K/Q),
the natural action of Gal(K/Q) = 〈τ〉 on Gm by conjugation being equal to γ
τ = γ−1 for all
γ ∈ Gm. Similarly, Gal(K∞/Q) ≃ G∞ ⋊Gal(K/Q) with γ
τ = γ−1 for all γ ∈ G∞.
With this in mind, write Λ(±) for the ring Λ viewed as a module over Λ˜ via the action
of Gal(K/Q) given by γτ = ±γ−1 for all γ ∈ G∞, so that Λ
(+) corresponds to the linear
extension of the natural action of Gal(K/Q) on G∞ described above. Analogously, write
Λ
(±)
m for the Λ˜m-module Λm on which Gal(K/Q) acts as γ
τ := ±γ−1 for all γ ∈ Gm. One
also equips Λ±m with a similar structure of Λ˜m-module by defining as above (Λ
±
m)
(ǫ) to be the
Λ˜m-module Λ
±
m with τ action by γ
τ := ±γ−1.
We also consider the mod pm reductions of the above rings given by
Rm := Λm ⊗Z Z/p
mZ, R˜m := Λ˜m ⊗Z Z/p
mZ, R±m := Λ
±
m ⊗Z Z/p
mZ.
In particular, Λ = lim←−mRm. Similarly, we define
R(ǫ)m := Λ
(ǫ)
m ⊗Z Z/p
mZ, (R±m)
(ǫ) := (Λ±m)
(ǫ) ⊗Z Z/p
mZ, R˜±m := R
±
m ⊗Λ Λ˜.
Finally, for any compact or discrete Λ-module M write M∨ := HomcontZp (M,Qp/Zp) for its
Pontryagin dual, equipped with the compact-open topology (here HomcontZp denotes continu-
ous homomorphisms of Zp-modules and Qp/Zp is equipped with the quotient, i.e., discrete,
topology).
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3. Plus/Minus Selmer groups and control theorem
In this section we define the Selmer groups that we are interested in and state a control
theorem for them.
3.1. Classical Selmer groups. For every integer m ≥ 0 let Selp∞(E/Km) denote the p-
primary Selmer group of E over Km (see, e.g., [13, Ch. 2]). Moreover, let
(1) κm : E(Km)⊗Qp/Zp −֒→ Selp∞(E/Km)
be the usual Kummer map and, for any prime λ of Km, with a slight abuse of notation write
(2) resm,λ : Selp∞(E/Km) −→ E(Km,λ)⊗Qp/Zp
for the composition of the restriction map with the inverse of the local Kummer map
κm,λ : E(Km,λ)⊗Qp/Zp −֒→ H
1(Km,λ, Ep∞).
Similarly, for all n ≥ 0 there is a Kummer map
(3) κm,n : E(Km)/p
nE(Km) −֒→ Selpn(E/Km),
where Selpn(E/Km) is the p
n-Selmer group of E over Km.
More generally, given a prime number ℓ, we set Km,ℓ := Km ⊗Q Qℓ =
∏
λ|ℓKm,λ and let
resm,ℓ = ⊕λ|ℓresm,λ : H
1(Km, Ep∞) −→ H
1(Km,ℓ, Ep∞) = ⊕λ|ℓH
1(Km,λ, Ep∞)
be the direct sum of the local restrictions resm,λ and
(4) resm,ℓ = ⊕λ|ℓresm,λ : Selp∞(E/Km) −→ E(Km,ℓ)⊗Qp/Zp
be the direct sum of the maps in (2), where
E(Km,ℓ)⊗Qp/Zp :=
⊕
λ|ℓ
E(Km,λ)⊗Qp/Zp
and λ rages over the primes of Km above ℓ. In the rest of the paper, we adopt a similar
notation for other, closely related groups as well (e.g., with obvious definitions, we write
resm,ℓ for the restriction map on E(Km,ℓ)/p
mE(Km,ℓ) taking values in H
1(Km,ℓ, Epm)).
Lemma 3.1. The group Epn(Km) is trivial for all m,n ≥ 0.
Proof. Since, by part (1) of Assumption 1.2, the prime p splits in K, this is [16, Lemma 2.1].
Alternatively, one can use the surjectivity of ρE,p ensured by part (2) of Assumption 1.1 and
proceed as in the proof of [14, Lemma 4.3]. 
In the next lemma we record some useful facts about Selmer groups.
Lemma 3.2. (1) For all m ≥ 0 there is an injection
ρm : Selpm(E/Km) −֒→ Selpm+1(E/Km+1)
induced by the restriction map and the inclusion Epm ⊂ Epm+1.
(2) For all m ≥ 0 restriction induces an injection
resKm+1/Km : Selp∞(E/Km) −֒→ Selp∞(E/Km+1).
(3) For all m,n ≥ 0 there is an isomorphism
Selpn(E/Km) ≃ Selp∞(E/Km)pn .
Proof. All three statements follow easily from Lemma 3.1 (see, e.g., [2, §2.3, Lemma 1]). 
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For all m,n ≥ 0 there is a commutative square
(5) E(Km)/p
nE(Km) _

 
κm,n
// Selpn(E/Km) _

E(Km)⊗Qp/Zp
  κm // Selp∞(E/Km)
in which the right vertical injection is induced by the isomorphism in part (3) of Lemma 3.2.
Define the discrete Λ-module
Selp∞(E/K∞) := lim−→
m
Selp∞(E/Km),
the direct limit being taken with respect to the restriction maps in cohomology, which are
injective by part (2) of Lemma 3.2.
3.2. Restricted Selmer groups. Let pOK = pp¯ with p 6= p¯; by Assumption 1.3, both p
and p¯ are totally ramified in K∞/K. Write Kp and Kp¯ for the completions of K at p and p¯,
respectively. For all m ≥ 0 let Km,p and Km,p¯ be the completions of Km at the unique prime
above p and p¯, respectively. To simplify notation, in the following lines we let L, Lm denote
one of these pairs of completions (i.e., Kp, Km,p or Kp¯, Km,p¯); then Gal(Lm/L) ≃ Z/p
mZ.
For all integers m,n with m ≥ n ≥ 0 let trLm/Ln : E(Lm)→ E(Ln) denote the trace map.
Following Kobayashi ([17]), we define
E+(Lm) :=
{
P ∈ E(Lm) | trLm/Ln(P ) ∈ E(Ln−1) for all odd n with 1 ≤ n < m
}
,
E−(Lm) :=
{
P ∈ E(Lm) | trLm/Ln(P ) ∈ E(Ln−1) for all even n with 0 ≤ n < m
}
.
(6)
Definition 3.3. The plus/minus p-primary Selmer groups of E over Km are
Sel±p∞(E/Km) := ker
(
Selp∞(E/Km)
resm,p
−−−−→
E(Km,p)⊗Qp/Zp
E±(Km,p)⊗Qp/Zp
⊕ E(Km,p¯)⊗Qp/Zp
E±(Km,p¯)⊗Qp/Zp
)
,
where resm,p is the composition of the restrictions at p and p¯ with the quotient projections.
In an analogous manner, replacing Selp∞(E/Km) with Selpn(E/Km) and Qp/Zp with
Z/pnZ, one can define Sel±pn(E/Km) for all n ≥ 1.
Remark 3.4. In [16], the groups Sel±p∞(E/Km) are defined in terms of the formal group Eˆ
of E. More precisely, if m and m¯ denote the maximal ideals of the rings of integers of
Km,p and Km,p¯, respectively, Iovita and Pollack introduce subgroups Eˆ
±(m) ⊂ Eˆ(m) and
Eˆ±(m¯) ⊂ Eˆ(m¯) as in (6). Then they use these subgroups to define Sel±p∞(E/Km) as in
Definition 3.3, replacing E(Km,p) (respectively, E
±(Km,p)) with Eˆ(m) (respectively, Eˆ
±(m))
and E(Km,p¯) (respectively, E
±(Km,p¯)) with Eˆ(m¯) (respectively, Eˆ
±(m¯)). To see that their
definition is equivalent to Definition 3.3, recall that, by [29, Ch. VII, Proposition 2.2], the
group Eˆ(m) is isomorphic to the kernel E1(Km,p) of the reduction map E(Km,p) → E¯(Fp).
On the other hand, |E¯(Fp)| = p + 1 because ap = 0, and Eˆ
±(m) ≃ E1(Km,p) ∩ E
±(Km,p),
hence there are isomorphisms
Eˆ(m)⊗Qp/Zp
≃
−→ E(Km,p)⊗Qp/Zp, Eˆ
±(m)⊗Qp/Zp
≃
−→ E±(Km,p)⊗Qp/Zp.
Analogous considerations apply to Eˆ(m¯) and Eˆ±(m¯), and the desired equivalence follows.
Now form the two discrete Λ-modules
Sel±p∞(E/K∞) := lim−→
m
Sel±p∞(E/Km) ⊂ Selp∞(E/K∞),
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the direct limits being taken with respect to the restriction maps in cohomology. Note that,
thanks to part (2) of Lemma 3.2, these restrictions are injective. Furthermore, the fact that
the groups Sel±p∞(E/Km) do indeed form a direct system follows directly from Definition 3.3
and the compatibility properties of the restriction maps involved.
3.3. Control theorem. The next result provides a substitute for Mazur’s original “control
theorem” ([20]) and extends [17, Theorem 9.3] to our anticyclotomic setting.
Theorem 3.5 (Iovita–Pollack). For every integer m ≥ 0 the restriction
(7) resK∞/Km : Sel
±
p∞(E/Km)
ω±m=0 −→ Sel±p∞(E/K∞)
ω±m=0
is injective and has finite cokernel bounded independently of m.
Proof. Keeping Remark 3.4 in mind, this is [16, Theorem 6.8]. 
Note that, by definition, Sel±p∞(E/Km)
ω±m=0 is a Λ±m-module. Consider the Pontryagin dual
X±∞ := Hom
cont
Zp
(
Sel±p∞(E/K∞),Qp/Zp
)
of Sel±p∞(E/K∞), equipped with its canonical structure of compact Λ-module. Moreover, for
every integer m ≥ 0 write
X±m := Hom
cont
Zp
(
Sel±p∞(E/Km),Qp/Zp
)
for the Pontryagin dual of Sel±p∞(E/Km), so that X
±
m has a natural Λm-module structure. By
duality, the map in (7) gives a surjection
(8) res∨K∞/Km : X
±
∞
/
ω±mX
±
∞ −։ X
±
m
/
ω±mX
±
m
whose finite kernel can be bounded independently of m.
Proposition 3.6. The Λ-module X±∞ is finitely generated.
Proof. Since ω±m is topologically nilpotent and X
±
m is finitely generated as a Zp-module, the
claim follows from (8) and [1, Corollary, p. 226]. 
There are canonical commutative squares
Sel±p∞(E/Km)
ω±m=0 
 resK∞/Km
//
 _
resKm+1/Km

Selp∞(E/K∞)
ω±m=0
 _
im

Sel±p∞(E/Km+1)
ω±m+1=0 
 resK∞/Km+1
// Selp∞(E/K∞)
ω±m+1=0
where im is the natural inclusion (here observe that ω
±
m |ω
±
m+1) and
X±∞
/
ω±m+1X
±
∞
res∨
K∞/Km+1
// //
i∨m

X±m+1
/
ω±m+1X
±
m+1
res∨
Km+1/Km

X±∞
/
ω±mX
±
∞
res∨
K∞/Km
// // X±m
/
ω±mX
±
m
where, as before, the symbol φ∨ denotes the Pontryagin dual of a given map φ.
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4. Iwasawa modules of plus/minus Heegner points
In order to relax, as in Assumption 1.2, the Heegner hypothesis imposed in [2] and [7], we
need to consider Heegner points on Shimura curves attached to division quaternion algebras
over Q. These points will then be mapped to the elliptic curve E via a suitable modular
parametrization.
4.1. Shimura curves and modularity. Let B denote the (indefinite) quaternion algebra
over Q of discriminant D and fix an isomorphism of R-algebras
i∞ : B ⊗Q R
≃
−→ M2(R).
Let R(M) be an Eichler order of B of level M and write ΓD0 (M) for the group of norm 1
elements of R(M). If D > 1 and H := {z ∈ C | Im(z) > 0} then the Shimura curve of level
M and discriminant D is the (compact) Riemann surface
XD0 (M) := Γ
D
0 (M)\H.
Here the action of ΓD0 (M) on H by Mo¨bius (i.e., fractional linear) transformations is induced
by i∞. If D = 1 (i.e., M = N) then we can take B = M2(Q), so that Γ
1
0(M) = Γ0(N) and
Γ10(M)\H = Y0(N), the open modular curve of level N ; in this case, we define X
1
0 (M) :=
X0(N), the (Baily–Borel) compactification of Y0(N) obtained by adding its cusps. By a result
of Shimura, the projective algebraic curve corresponding to XD0 (M) is defined over Q.
Finally, thanks to the modularity of E, Faltings’s isogeny theorem and (when D > 1) the
Jacquet–Langlands correspondence between classical and quaternionic modular forms, there
exists a surjective morphism
(9) πE : X
D
0 (M) −→ E
defined over Q, which we fix once and for all (see, e.g., [18, §4.3] and [30, §3.4.4] for details).
4.2. Heegner points and trace relations. Let us first consider the case where D = 1.
Choose an ideal N ⊂ OK such that OK/N ≃ Z/NZ, which exists thanks to the Heegner
hypothesis satisfied by K. For each integer c ≥ 1 prime to N and the discriminant of K, let
Oc = Z+ cOK be the order of K of conductor c. The isogeny C/Oc → C/(Oc ∩N )
−1 defines
a Heegner point xc ∈ Y0(N) ⊂ X0(N) that, by complex multiplication, is rational over the
ring class field Hc of K of conductor c. In the rest of the paper, c will vary in the powers of
the prime p.
In the general quaternionic case, a convenient way to introduce Heegner points xc ∈
XD0 (M)(Hc) is to exploit the theory of (oriented) optimal embeddings of quadratic orders
into Eichler orders. We shall not give precise definitions here, but rather refer to [5, Section
2] for details. From now on we fix a compatible system of Heegner points{
xpm ∈ X
D
0 (M)(Hpm)
}
m≥0
as described in [5, §2.4].
Recall the morphism πE introduced in (9) and for every integer m ≥ 0 set
ypm := πE(xpm) ∈ E(Hpm).
In order to define Heegner points over K∞, we take Galois traces. Namely, for all m ≥ 1 set
(10) d(m) := min
{
d ∈ N | Km ⊂ Hpd
}
.
For example, if p ∤ hK then d(m) = m+ 1. In light of this, for all m ≥ 0 define
zm := trH
pd(m)
/Km
(
ypd(m)
)
∈ E(Km).
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By the formulas in [25, §3.1, Proposition 1] and [5, §2.5], the following relations hold:
(11) trKm/Km−1(zm) =


−zm−2 if m ≥ 2,
p− 1
2
z0 if m = 1.
4.3. Plus/minus Heegner points and trace relations. Starting from the Heegner points
that we considered in §4.2, we define plus/minus Heegner points z±m as follows. Set z
±
0 := z0
and for every m ≥ 1 define
z+m :=


zm if m is even,
zm−1 if m is odd,
z−m :=


zm−1 if m is even,
zm if m is odd.
As a consequence of formulas (11), the points z±m ∈ E(Km) satisfy the following relations:
(a) trKm/Km−1(z
+
m) = −z
+
m−1 for every even m ≥ 2;
(b) trKm/Km−1(z
+
m) = pz
+
m−1 for every odd m ≥ 1;
(c) trKm/Km−1(z
−
m) = pz
−
m−1 for every even m ≥ 2;
(d) trKm/Km−1(z
−
m) = −z
−
m−1 for every odd m ≥ 3;
(e) trK1/K0(z
−
1 ) =
p−1
2 z
−
0 =
p−1
2 z0.
Finally, with κm,m as in (3) and κm as in (1), for all m ≥ 0 set
α±m := κm,m
(
[z±m]
)
∈ Selpm(E/Km), β
±
m := κm
(
z±m ⊗ 1
)
∈ Selp∞(E/Km).
For every m ≥ 0 let
ρ˜m : Selpm+1(E/Km+1) −→ Selpm(E/Km)
be the composition of coresKm+1/Km with the multiplication-by-p map. Moreover, write
tm : E(Km+1)/p
m+1E(Km+1) −→ E(Km)/p
mE(Km)
for the natural map induced by trKm+1/Km. The resulting square
(12) E(Km+1)/p
m+1E(Km+1)
tm

 
κm+1,m+1
// Selpm+1(E/Km+1) _
ρ˜m

E(Km)/p
mE(Km)
 
κm,m
// Selpm(E/Km)
is commutative.
The following result collects the properties enjoyed by the classes α±m under corestriction.
Proposition 4.1. The following formulas hold:
(a) ρ˜m−1(α
+
m) = −α
+
m−1 for every even m ≥ 2;
(b) ρ˜m−1(α
+
m) = pα
+
m−1 for every odd m ≥ 1;
(c) ρ˜m−1(α
−
m) = pα
−
m−1 for every even m ≥ 2;
(d) ρ˜m−1(α
−
m) = −α
−
m−1 for every odd m ≥ 3;
(e) ρ˜m−1(α
−
1 ) =
p−1
2 α
−
0 =
p−1
2 α0.
Of course, analogous formulas, with coresKm/Km−1 in place of ρ˜m−1, hold for β
±
m.
Proof. Straightforward from the corresponding formulas for the points z±m listed above and
square (12). 
Now we can prove
Proposition 4.2. (1) The class α±m belongs to Sel
±
pm(E/Km)
ω±m=0 for every m ≥ 0.
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(2) The class β±m belongs to Sel
±
p∞(E/Km)
ω±m=0 for every m ≥ 0.
Proof. Fix an integer m ≥ 0, let λ denote either p or p¯, set L := Km,λ and put α
±
λ :=
resm,λ(α
±
m) ∈ E(L)/p
mE(L). The previous formulas show that [z±m] ∈ E
±(L)/pmE±(L),
hence α±m ∈ Sel
±
pm(E/Km). On the other hand, the fact that ω
±
mα
±
m = 0 follows from a global
version of the local computations in the proof of [16, Proposition 4.11] (which is possible
because the points z±m, as well as the trace relations they satisfy, are global). This proves (1),
and (2) can be shown in the same way. 
4.4. Direct limits of plus/minus Heegner modules. In light of Proposition 4.2, for all
m ≥ 0 let E±m := R
±
mα
±
m denote the R
±
m-submodule (or, equivalently, the Rm-submodule)
of Sel±pm(E/Km)
ω±m=0 generated by α±m. The inclusion Sel
±
pm(E/Km)
ω±m=0 ⊂ Sel±pm(E/Km)
allows us to regard E±m as a submodule of the whole restricted Selmer group Sel
±
pm(E/Km).
Note that, by the commutativity of (5), the injection Sel±pm(E/Km) →֒ Sel
±
p∞(E/Km) given
by part (3) of Lemma 3.2 sends E±m to the Λ
±
m-submodule Λ
±
mβ
±
m generated by β
±
m.
For the proof of the next result, recall the injection
ρm : Selpm(E/Km) −֒→ Selpm+1(E/Km+1)
of part (1) of Lemma 3.2. If F ′/F is a Galois extension of number fields andM is a continuous
GF -module then resF ′/F ◦ coresF ′/F = trF ′/F , where
trF ′/F :=
∑
σ∈Gal(F ′/F )
σ : H1(F ′,M)→ H1(F ′,M)
is the Galois trace map (see, e.g., [24, Corollary 1.5.7]). We immediately obtain
(13) ρm ◦ ρ˜m = ptrKm+1/Km
for all m ≥ 0. For all m ≥ 0 and n ≥ 1 consider the canonical map
ιnm : E(Km)/p
nE(Km) −→ E(Km)/p
n+1E(Km), [Q] 7−→ [pQ]
and, finally, denote by
jm : E(Km)/p
mE(Km) −→ E(Km+1)/p
mE(Km+1)
the obvious map.
Proposition 4.3. The map ρm induces injections
ρ±m : E
±
m −֒→ E
±
m+1
for all m ≥ 0.
Proof. Fix an m ≥ 0. We treat only the case of sign +, the other being analogous. By part
(2) of Lemma 3.2, ρm is injective at the level of Selmer groups, so it suffices to show that
ρm(E
+
m) ⊂ E
+
m+1. Suppose that m is even. Then z
+
m = z
+
m+1, and the commutativity of the
square
E(Km)/p
mE(Km) _
ιmm+1◦jm

 
κm,m
// Selpm(E/Km) _
ρm

E(Km+1)/p
m+1E(Km+1)
 
κm+1,m+1
// Selpm+1(E/Km+1)
implies that ρm(α
+
m) = pα
+
m+1. By definition of the Galois action on our cohomology groups,
it follows that ρm(E
+
m) ⊂ E
+
m+1. Now suppose that m is odd. By part (a) of Proposition 4.1,
ρ˜m(α
+
m+1) = −α
+
m. Applying (13) and using the fact that, by Proposition 4.2, the action of
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Rm+1 on α
+
m+1 factors through R
+
m+1, we get ρm(α
+
m) = −ptrKm+1/Km(α
+
m+1) ∈ Rm+1α
+
m+1 =
R+m+1α
+
m+1. As before, we conclude that ρm(E
+
m) ⊂ E
+
m+1. 
Thanks to Proposition 4.3, we can form the discrete Λ-module
E±∞ := lim−→
m
E±m,
where the direct limits are taken with respect to the maps ρ±m of Proposition 4.3. Moreover,
the commutativity of the squares
Sel±pm(E/Km) _
ρ±m

  // Sel±p∞(E/Km) _
resKm+1/Km

Sel±
pm+1
(E/Km+1)
  // Sel±p∞(E/Km+1),
in which the horizontal injections are induced by the isomorphisms in part (3) of Lemma 3.2,
shows that E±∞ can be naturally viewed as a Λ-submodule of Sel
±
p∞(E/K∞).
Denote by
H±∞ := (E
±
∞)
∨ = lim
←−
m
(E±m)
∨
the Pontryagin dual of E±∞. We shall see below (Proposition 4.7) that both H
+
∞ and H
−
∞ are
finitely generated, torsion-free Λ-modules of rank 1.
4.5. Nontriviality of Heegner points and the Λ-rank of H±∞. We want to apply the
results of Cornut ([9]) and of Cornut–Vatsal ([10]) on the nontriviality of Heegner points on
E as one ascends K∞ to show that H
±
∞ have rank 1 over Λ. Similar ideas can also be found
in [7, Proposition 2.1] and [8, Theorem 2.5.1].
We begin with some lemmas.
Lemma 4.4. For m≫ 0 the point z±m is not p
m-divisible in E(Km).
Proof. Results of Cornut ([9]) and of Cornut–Vatsal ([10]) guarantee that the points z±m ∈
E(Km) are non-torsion for m≫ 0. We prove the lemma for sign +, the case of sign − being
completely analogous. To fix ideas, define
m0 := min
{
m ∈ N | m is even and z+m is non-torsion
}
.
We claim that z±m is not p
m-divisible in E(Km) for even m ≫ m0. First of all, the formulas
in §4.3 imply that if n ∈ N then
trKm0+2n/Km0
(
z+m0+2n
)
= (−1)npnz+m0 .
If z+m0+2n = p
m0+2nx with x ∈ E(Km0+2n) and we set y := (−1)
ntrKm0+2n/Km0 (x) ∈ E(Km0)
then pnz+m0 = p
m0+2ny, that is, pn(z+m0 − p
m0+ny) = 0. On the other hand, by Lemma 3.1,
the torsion group Epn(Km0) is trivial, so we conclude that z
+
m0 is p
m0+n-divisible in E(Km0).
But the Mordell–Weil group E(Km0) is finitely generated and z
+
m0 is non-torsion, hence z
+
m0
is pt-divisible in E(Km0) only for finitely many t ∈ N. The lemma follows. 
Lemma 4.5. The R±m-module E
±
m is non-trivial for m≫ 0.
Proof. By Lemma 4.4, the class [z±m] of z
±
m in E(Km)/p
mE(Km) is non-zero for m ≫ 0.
Finally, the injectivity of the maps κm,m implies that α
±
m = κm,m
(
[z±m]
)
is non-zero in
Sel±pm(E/Km). In particular, E
±
m is non-trivial for m≫ 0. 
As an immediate consequence, we get
Lemma 4.6. The Λ-modules E±∞ are non-trivial.
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Proof. By Proposition 4.3, the maps ρ±m with respect to which the direct limits E
±
∞ are taken
are injective, hence E±m injects into E
±
∞ for all m ≥ 0. The lemma follows from Lemma 4.5. 
Now we can prove
Proposition 4.7. The Λ-modules H±∞ are finitely generated, torsion-free and of rank 1.
Proof. For every m ≥ 0 the natural surjections Rm ։ E
±
m induce, by duality, injections
(E±m)
∨ →֒ R∨m. Since Rm = Z/p
mZ[Gm], there are isomorphisms R
∨
m ≃ Rm, hence taking
inverse limits gives injections H±∞ = lim←−m(E
±
m)
∨ →֒ lim←−mRm = Λ. Since Λ is a noetherian
domain, this shows that H±∞ are finitely generated, torsion-free Λ-modules of rank equal
to 0 or to 1. Now the structure theorem for finitely generated Λ-modules implies that if
rankΛ(H
±
∞) = 0 then H
±
∞ = 0, hence E
±
∞ = (H
±
∞)
∨ = 0. This contradicts Lemma 4.6, so we
conclude that rankΛ(H
±
∞) = 1. 
5. Λ-adic Euler systems
The goal of this section is to prove Theorem 1.4; we restate it below.
Theorem 5.1. Each of the two Λ-modules X±∞ has rank 1.
In other words, we show that
corankΛ
(
Sel+p∞(E/K∞)
)
= corankΛ
(
Sel−p∞(E/K∞)
)
= 1.
The injection of Λ-modules E±∞ →֒ Sel
±
p∞(E/K∞) gives, by duality, a surjection of Λ-modules
π± : X±∞ −։ H
±
∞.
Proving Theorem 5.1 is thus equivalent to showing that the Λ-module ker(π±) is torsion.
Equivalently, if τ denotes the generator of Gal(K/Q) then we need to show that all elements
of ker(π±) lying in an eigenspace for τ are Λ-torsion.
Choose an element x ∈ X±∞ such that τx = ǫx for some ǫ ∈ {±} and x is not Λ-torsion:
this can be done because the Λ-module H±∞ has rank 1 by Proposition 4.7 and the map π
±
is surjective. As is explained in [2, p. 170], to prove Theorem 5.1 it is enough to show that
every y ∈ ker(π±)−ǫ is Λ-torsion. To do this, in the next subsections we will adapt the Λ-adic
Euler system argument of [2].
5.1. Kolyvagin primes. Denote by
ρm : GQ −→ Aut(Epm) ≃ GL2(Z/p
mZ)
the Galois representation on Epm and let K(Epm) be the composite of K and the field cut out
by ρm; in other words, K(Epm) is the composite of K and Q¯
ker(ρm). In particular, K(Epm) is
Galois over Q.
Definition 5.2. A prime number ℓ is a Kolyvagin prime for pm if ℓ ∤ Np and Frobℓ = [τ ] in
Gal(K(Epm)/Q).
In particular, Kolyvagin primes are inert in K and hence split completely in Km for all
m ≥ 1. Let ℓ be a Kolyvagin prime for pm. Define the R˜m-modules(
E(Km,ℓ, E)/p
mE(Km,ℓ)
)(±)
:= Rm
(
E(Km,ℓ, E)/p
mE(Km,ℓ)
)±
and (
H1(Km,ℓ, E)pm
)(±)
:= Rm
(
H1(Km,ℓ, E)pm
)±
,
where the superscript ± on the right denotes the submodule on which complex conjugation
acts as ±.
Lemma 5.3. Let ℓ be a Kolyvagin prime for pm.
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(1) The R˜m-module
(
E(Km,ℓ)/p
mE(Km,ℓ)
)(±)
is isomorphic to R
(±)
m , hence there is a
decomposition E(Km,ℓ)/p
mE(Km,ℓ) ≃ R
(+)
m ⊕R
(−)
m .
(2) The R˜m-module
(
H1(Km,ℓ, E)pm
)(±)
is isomorphic to R
(±)
m , hence there is a decom-
position H1(Km,ℓ, E)pm ≃ R
(+)
m ⊕R
(−)
m .
Proof. Part (1) is [2, §1.2, Lemma 4], while part (2) is [2, §1.2, Corollary 6]. 
5.2. Action of complex conjugation. In this subsection we study the action of Gal(K/Q)
on Selmer groups. These results will be used in §5.5 to show the existence of suitable families
of Kolyvagin primes.
The canonical action of τ on X±∞ makes it into a Λ˜-module. Recall the element x ∈ X
±
∞
chosen at the beginning of this section such that π±(x) 6= 0 and τ(x) = ǫx for some ǫ ∈ {±}.
Now pick an element y ∈ ker(π±)−ǫ and consider the surjection of Λ˜-modules
Λ(ǫ) ⊕ Λ(−ǫ) −։ Λx⊕ Λy ⊂ X±∞ ⊕ X
±
∞, (ξ, η) 7−→ (ξx, ηy).
Since H±∞ is torsion-free by Proposition 4.7, ker(π
±) ∩ Λx = {0}, hence Λx ∩ Λy = {0}.
Therefore the canonical map of Λ˜-modules Λx ⊕ Λy → X±∞ given by the sum is injective.
Composing the last two maps, we get a map of Λ˜-modules
(14) ϑ± : Λ(ǫ) ⊕ Λ(−ǫ) −→ X±∞
that sends (α, β) to αx+ βy.
By Lemma 3.2, there is a canonical injection
(15) Sel±pm(E/Km) −֒→ Sel
±
p∞(E/Km).
Let
Z±m := HomZp
(
Sel±pm(E/Km),Qp/Zp
)
be the Pontryagin dual of Sel±pm(E/Km). One may then consider the surjection of compact
Λ-modules
(16) p±m : X
±
∞ −։ X
±
∞/ω
±
mX
±
∞ −։ X
±
m/ω
±
mX
±
m −։ Z
±
m/ω
±
mZ
±
m,
where the first arrow is the canonical projection, the second is (8) and the third is obtained
from (15) by Pontryagin duality.
Let us define the following R±m-submodules of Z
±
m/ω
±
mZ
±
m:
Z±m :=
(
(p±m ◦ ϑ)(Λ
(ǫ) ⊕ {0}))
)
∩
(
(p±m ◦ ϑ)({0} ⊕ Λ
(−ǫ))
)
,
W±,(ǫ)m :=
(
(p±m ◦ ϑ)(Λ
(ǫ) ⊕ {0})
)
/Zm,
W±,(−ǫ)m :=
(
(p±m ◦ ϑ)({0} ⊕ Λ
(−ǫ))
)
/Zm.
Set
Σ±m :=
(
(Z±m/ω
±
mZ
±
m)/Z
±
m
)∨
.
The submodule Z±m being closed in Z
±
m/ω
±
mZ
±
m, Pontryagin duality yields a natural injection
Σ±m →֒ Sel
±
pm(E/Km)
ω±m=0 of R±m-modules. We obtain a chain of maps of Λ˜-modules
(17) Λ(ǫ) ⊕ Λ(−ǫ) −։W±,(ǫ)m ⊕W
±,(−ǫ)
m −֒→ (Σ
±
m)
∨
in which the surjection is induced by pm ◦ ϑ and the injection is given by the sum of the
components. By construction, the composition in (17) factors through the surjection
Λ(ǫ) ⊕ Λ(−ǫ) −։ Λ(ǫ)m ⊕ Λ
(−ǫ)
m −։ (R
±
m)
(ǫ) ⊕ (R±m)
(−ǫ).
Write
ϑ±m : (R
±
m)
(ǫ) ⊕ (R±m)
(−ǫ) −։ W±,(ǫ)m ⊕W
±,(−ǫ)
m −֒→ (Σ
±
m)
∨
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for the resulting map of R˜±m-modules; if x¯ and y¯ denote the images of x and y in (Σ
±
m)
∨ then
ϑ±m((α, β)) = αx¯+ βy¯.
Lemma 5.4. There is an isomorphism of R±m-modules (R
±
m)
∨ ≃ ω∓mRm.
Proof. Since Rm = Z/p
mZ[Gm], there is a canonical isomorphism
Φ : R∨m
≃
−→ Rm
of Rm-modules (hence of Λ-modules). The surjection Rm ։ R
±
m induces, by duality, an
injection i : (R±m)
∨ →֒ R∨m, and we obtain an injection Φ ◦ i : (R
±
m)
∨ →֒ Rm. The image of
Φ ◦ i is annihilated by ω±m, hence Φ ◦ i induces an injection of Rm-modules
Ψ : (R±m)
∨ −֒→ ω˜∓mRm.
Now pick x ∈ Rm and consider ω˜
∓
mx ∈ ω˜
∓
mRm. If ϕx ∈ R
∨
m is such that Φ(ϕx) = x then
Φ(ω˜∓mϕx) = ω˜
∓
mx. In order to show that Ψ is surjective we need to check that ω˜
∓
mϕx factors
through R±m. But this is clear: (ω˜
∓
mϕx)(ω
±
mλ) = ϕx(ω
±
mω˜
∓
mλ) = 0 for all λ ∈ Rm because
ωm = ω
±
mω˜
∓
m kills Rm. 
Taking the Gal(K/Q)-action into account, Lemma 5.4 yields isomorphisms
(
(R±m)
∨
)(±ǫ)
≃
(ω∓mRm)
(±ǫ) of R˜±m-modules. Furthermore,
(
(R±m)
∨
)(±ǫ)
=
(
(R±m)
(±ǫ)
)∨
and (ω∓mRm)
(±ǫ) ≃
(R±m)
(±ǫ) under the isomorphism ω∓mRm ≃ R
±
m. Composing these isomorphisms, we get an
isomorphism of R˜±m-modules
(18) i±,(±ǫ)m :
(
(R±m)
(±ǫ)
)∨ ≃
−→ (ω˜∓mRm)
(±ǫ) ≃−→ (R±m)
(±ǫ).
Set i±m := i
±,(ǫ)
m ⊕ i
±,(−ǫ)
m . Composing the Pontryagin dual (ϑ±m)
∨ of ϑ±m with i
±
m, we get a map
of R˜±m-modules that we still denote by
(19) (ϑ±m)
∨ : Σ±m −→ (R
±
m)
(ǫ) ⊕ (R±m)
(−ǫ).
If Σ
±
m := Σ
±
m
/
ker
(
(ϑ±m)
∨
)
then there is an injection (ϑ¯±m)
∨ : Σ
±
m −֒→ (R
±
m)
(ǫ) ⊕ (R±m)
(−ǫ) of
R˜±m-modules. Define
Σ
±,(ǫ)
m :=
(
(ϑ¯±m)
∨
)−1(
(R±m)
(ǫ) ⊕ {0}
)
, Σ
±,(−ǫ)
m :=
(
(ϑ¯±m)
∨
)−1(
{0} ⊕ (R±m)
(−ǫ)
)
.
Then there is a splitting
(20) Σ
±
m = Σ
±,(ǫ)
m ⊕ Σ
±,(−ǫ)
m
of R˜±m-modules. Taking Gm-invariants, we obtain an injection(
Σ
±,(±ǫ)
m
)Gm −֒→ ((R±m)(±ǫ))Gm ≃ Z/pmZ
of Z/pmZ-modules, hence
(
Σ
±,(±ǫ)
m
)Gm is isomorphic to Z/pm±,(±ǫ)Z for a suitable integer
0 ≤ m±,(±ǫ) ≤ m (of course, nothing prevents
(
Σ
±,(±ǫ)
m
)Gm from being trivial).
5.3. Compatibility of the maps. In order to ensure compatibility of the various maps
appearing in the previous subsection as m varies, in the sequel it will be useful to make a
convenient choice of the isomorphism i
±,(ǫ)
m introduced in (18).
Let
π±m : Z
±
m/ωmZ
±
m −։ H
±
m := HomZp(E
±
m,Qp/Zp)
denote the dual of the inclusion E±m ⊂ Sel
±
pm(E/Km)
ω±m=0. Since y ∈ ker(π±), we have
π±m(Z
±
m) = 0, hence there is a surjection π¯
±
m : (Σ
±
m)
∨
։ H±m showing, by duality, that E
±
m
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is actually a submodule of Σ±m. Since (π¯
±
m ◦ ϑ
±
m)
(
{0} ⊕ (R±m)
(−ǫ)
)
= {0}, again because
y ∈ ker(π±), the dual of π¯±m ◦ ϑ
±
m factors through a map
ψ˜±m : E
±
m −→
(
(R±m)
(ǫ)
)∨
.
Proposition 5.5. One can choose the isomorphisms i
±,(ǫ)
m in (18) so that if ψ±m denotes the
composition
ψ±m : E
±
m
ψ˜±m−−→
(
(R±m)
(ǫ)
)∨ i±,(ǫ)m−−−→ (R±m)(ǫ)
then the R±m-modules ψ
±
m(E
±
m) are generated by elements θ
±
m ∈ R
±
m satisfying
θ±∞ := (θ
±
m)m≥1 ∈ lim←−
m
R±m ≃ Λ.
Proof. Here we consider only the case of sign +, the other case being similar. Since the
statement is independent of the Gal(K/Q)-action (all maps are equivariant for this action),
we ignore it. For each m ≥ 1 fix a generator θ+m of ψ
+
m(E
+
m) and use the shorthand “cores” for
the corestriction map coresKm+1/Km . First suppose that m is odd. In this case ω˜
−
m = ω˜
−
m+1
and cores(α+m+1) = −α
+
m. There is a commutative diagram
E+m+1
ψ˜+m+1
//
cores

(
R+m+1
)∨ ≃ // ω˜−m+1Rm+1

≃ // R+m+1

E+m
ψ˜+m
// (R+m)
∨ ≃ // ω˜−mRm
≃ // R+m
where the vertical unadorned arrows are projections, and replacing i
+,(ǫ)
m with umi
+,(ǫ)
m for a
suitable unit um gives the compatibility of θ
+
m+1 and θ
+
m under projection. Now suppose that
m is even. In this case ω˜−m+1 ≡ pω˜
−
m in Λm and cores(α
+
m+1) = pα
+
m. Therefore there is a
commutative diagram
E+m+1
ψ˜m+1
//
(
R+m+1
)∨ ≃ // ω˜−m+1Rm+1
1/p

≃ // R+m+1

E+m
ψ˜m
// (R+m)
∨ ≃ // ω˜−mRm
≃ // R+m
that again shows the compatibility between θ+m+1 and θ
+
m. The result follows. 
From now on, fix the isomorphisms i
±,(ǫ)
m as in Proposition 5.5, so that θ±∞ ∈ Λ. In the
following, we will implicitly identify (R±m)
(ǫ) and its Pontryagin dual by means of the above
maps. We will also identify (R±m)
(−ǫ) with its Pontryagin dual, but we will not need to specify
a convenient isomorphism in this case.
5.4. Galois extensions. We introduce several Galois extensions attached to the modules
defined in §5.2; in doing this, we follow [2, §1.3] closely. We start with a discussion of a
general nature.
For any Z/pmZ-submodule S ⊂ Selpm(E/Km) we define the extension MS of Km(Epm) cut
out by S as follows. Set
Gm := Gal
(
Km(Epm)/Km
)
.
With a slight abuse, we shall often view Gm as a subgroup of GL2(Z/p
mZ), according to
convenience. By [2, §1.3, Lemma 2], whose proof does not use the ordinariness of E at p
assumed in loc. cit., there is an isomorphism
Gm ≃ GL2(Z/p
mZ).
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By [2, §1.3, Lemma 1], whose proof works in our case too, restriction gives an injection
Selpm(E/Km) −֒→ Selpm
(
E/Km(Epm)
)Gm.
Define GabKm(Epm ) := Gal
(
Km(Epm)
ab/Km(Epm)
)
where Km(Epm)
ab is the maximal abelian
extension of Km(Epm). It follows that there is an identification
H1
(
Km(Epm), Epm
)Gm = HomGm(GabKm(Epm ), Epm
)
of Z/pmZ-modules, where HomGm(•, ⋆) stands for the group of Gm-homomorphisms. Thus we
obtain an injection of Z/pmZ-modules
(21) S −֒→ HomGm
(
GabKm(Epm ), Ep
m
)
, s 7−→ ϕs,
and for every s ∈ S we let Ms denote the subfield of Km(Epm)
ab fixed by ker(ϕs). In other
words, Ms is the smallest abelian extension of Km(Epm) such that the restriction of ϕs to
Gal(Km(Epm)
ab/Ms) is trivial. The maps ϕs induce injections
ϕs : Gal
(
Ms/Km(Epm)
)
−֒→ Epm
of Gm-modules. Let MS ⊂ Km(Epm)
ab denote the composite of all the fields Ms for s ∈ S.
By [2, Lemma 3 p. 159], the map
(22) Gal
(
MS/Km(Epm)
)
−→ Hom(S,Epm), g 7−→
(
s 7→ ϕs(g|Ms)
)
is a Gm-isomorphism and (21) induces an isomorphism
S
≃
−→ HomGm
(
Gal(MS/Km(Epm)), Epm
)
of Z/pmZ-modules; here Hom(•, ⋆) is a shorthand for HomZ/pmZ(•, ⋆). One can show that,
given two subgroups S′ ⊂ S ⊂ Selpm(E/Km), there is a canonical isomorphism of groups
(23) Gal(MS/MS′) ≃ Hom(S/S
′, Epm)
and, conversely, for every subgroup S¯ of S/S′ there is a subextension MS¯/MS′ of MS/MS′
such that
(24) Gal(MS¯/MS′) ≃ Hom(S¯, Epm).
In this case, we say that MS/MS′ is the extension associated with the quotient S/S
′.
Now we apply these constructions to the setting of §5.2. To simplify the notation, put
Sel±m := Sel
±
pm(E/Km)
ω±m=0, Sel±∞ := lim−→
m
Sel±m .
Let M±m denote the field cut out by the subgroup Sel
±
m; then M
±
m ⊂M
±
m+1. By construction,
there are canonical surjections
(25) Gal
(
M±m+1/Km+1(Epm+1)
)
−։ Gal
(
M±m/Km(Epm)
)
.
Define
M±∞ := lim−→
m
M±m, K∞(Ep∞) := lim−→
m
Km(Epm),
so that
Gal
(
M±∞/K∞(Ep∞)
)
= lim←−
m
Gal
(
M±m/Km(Epm)
)
,
the inverse limit being taken with respect to the maps in (25). By (22), for every m ≥ 0 there
is an isomorphism
Gal
(
M±m/Km(Epm)
)
≃ Hom
(
Sel±m, Epm
)
of Z/pmZ[Gm]-modules, hence there is an isomorphism of Zp[[G∞]]-modules
Gal
(
M±∞/K∞(Ep∞)
)
≃ Hom
(
Sel±∞, Ep∞
)
,
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where Zp[[G∞]] := lim←−m Zp[Gm] is defined with respect to the canonical maps Gm+1 → Gm.
Now recall the map (ϑ±m)
∨ of (19) and let L±m ⊂M
±
m be the extension of Km(Epm) cut out
by ker
(
(ϑ±m)
∨
)
. Then there are canonical Gm-isomorphisms
Gal
(
L±m/Km(Epm)
)
≃ Hom
(
ker
(
(ϑ±m)
∨
)
, Epm
)
and
(26) Gal(M±m/L
±
m) ≃ Hom
(
Σ
±
m, Epm
)
≃ Hom
(
Σ
±,(ǫ)
m , Epm
)
⊕Hom
(
Σ
±,(−ǫ)
m , Epm
)
;
here (26) is a consequence of (24). Moreover, write L
±,(±ǫ)
m for the subextension of M±m/L
±
m
corresponding to Σ
±,(±ǫ)
m (cf. (23)); then L
±,(ǫ)
m ∩ L
±,(−ǫ)
m = L±m and M
±
m = L
±,(ǫ)
m · L
±,(−ǫ)
m .
Finally, let L˜
(±ǫ)
m denote the extension of L
±,(±ǫ)
m corresponding to
(
Σ
±,(±ǫ)
m
)Gm . We have
L˜
±,(+)
m ∩ L˜
±,(−)
m = L±m and
Gal
(
L˜±,(±)m /L
±
m
)
≃ Hom
((
Σ
±,(±)
m
)Gm, Epm
)
.
Furthermore, if L˜±m := L˜
±,(+)
m · L˜
±,(−)
m then
Gal
(
L˜±m/L
±
m
)
≃ Hom
((
Σ
±,(+)
m
)Gm , Epm
)
⊕Hom
((
Σ
±,(−)
m
)Gm , Epm
)
≃ Hom
((
Σ
±
m
)Gm , Epm
)
,
where the second isomorphism follows by taking Gm-invariants in (20). Since, by Lemma 3.2,
Sel±m injects via restriction into Selpm+1
(
E/Km+1(Epm+1)
)
, restriction induces an injection(
Σ
±
m
)Gm →֒ (Σ±m+1)Gm+1 . It follows that for every m ≥ 0 there is a canonical projection
(27) Gal
(
L˜±m+1/L
±
m+1
)
−։ Gal
(
L˜±m/L
±
m
)
.
To introduce the last field extensions we need, we dualize the exact sequence
(R±m)
(ǫ) ⊕ (R±m)
(−ǫ) ϑ
±
m−−→ (Σ±m)
∨ −→ (Σ±m)
∨/im(ϑ±m) −→ 0
and get an isomorphism ker
(
(ϑ±m)
∨
)
≃
(
(Σ±m)
∨/im(ϑ±m)
)∨
. Moreover, dualizing
0 −→ im(ϑ±m) −→ (Σ
±
m)
∨ −→ ker
(
(ϑ±m)
∨
)∨
−→ 0
gives a short exact sequence
(28) 0 −→ ker
(
(ϑ±m)
∨
)
−→ Σ±m
(ϑ±m)
∨
−−−−→ im(ϑ±m)
∨ −→ 0.
Finally, with maps ϑ± and p±m defined as in (14) and (16), write U
±
m for the R˜
±
m-submodule
of Sel±m such that there is an indentification
(29) I±m := im(p
±
m ◦ ϑ
±) = (Sel±m /U
±
m)
∨.
Namely, consider the short exact sequence
0 −→ I±m −→ (Sel
±
m)
∨ −→ (Sel±m)
∨/I±m −→ 0.
Since I±m is compact, hence closed in (Sel
±
m)
∨, dualizing the sequence above gives
(30) 0 −→
(
(Sel±m)
∨/I±m
)∨
−→ Sel±m −→ (I
±
m)
∨ −→ 0.
Now define U±m :=
(
(Sel±m)
∨/I±m
)∨
and view U±m as an R˜
±
m-submodule of Sel
±
m via (30). Then
there is a natural identification
(31) Sel±m /U
±
m = (I
±
m)
∨,
and dualizing (31) gives (29).
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Write M˜±m for the field cut out by U
±
m. As p
±
m ◦ ϑ
± factors through (R±m)
(ǫ) ⊕ (R±m)
(−ǫ),
there is a commutative diagram
Λ(ǫ) ⊕ Λ(−ǫ)

ϑ± // X±∞
p±m
// (Sel±m)
∨

(R±m)
(ǫ) ⊕ (R±m)
(−ǫ) ϑ
±
m // (Σ±m)
∨
that induces a surjection I±m ։ im(ϑ
±
m) and then, by duality, an injection im(ϑ
±
m)
∨ →֒ (I±m)
∨.
From this we obtain a commutative diagram with exact rows
(32) 0 // ker
(
(ϑ±m)
∨
)
//
 _

Σ±m // _

im(ϑ±m)
∨ //
 _

0
0 // U±m
// Sel±m
// (I±m)
∨ // 0
whose upper row is (28). Denote by L±,∗m the field corresponding to Σ±m, so that L˜
±
m ⊂ L
±,∗
m
by (23). Observe that M˜±m and L˜
±
m are linearly disjoint over L
±
m. To check this, note that
M˜±m∩ L˜
±
m ⊂ M˜
±
m∩L
±,∗
m and that the second intersection corresponds to the subgroup U±m∩Σ
±
m
inside Sel±m. But diagram (32) shows that ker
(
(ϑ±m)
∨
)
= U±m ∩ Σ
±
m, hence M˜
±
m ∩ L
±,∗
m = L±m;
we conclude that M˜±m ∩ L˜
±
m = L
±
m. It follows that
Gal
(
M˜±m · L˜
±
m/M˜
±
m
)
≃ Gal
(
L˜±m/M˜
±
m ∩ L˜
±
m
)
≃ Gal
(
L˜±m/L
±
m
)
,
and then the inclusion M˜±m · L˜
±
m ⊂M
±
m induces a surjection
(33) Gal
(
M±m/M˜
±
m
)
−։ Gal
(
L˜±m/L
±
m
)
.
It follows that for every m ≥ 0 there is a commutative square of surjective maps
(34) Gal
(
M±m+1/M˜
±
m+1
)
// //

Gal
(
L˜±m+1/L
±
m+1
)

Gal
(
M±m/M˜
±
m
)
// // Gal
(
L˜±m/L
±
m
)
where the horizontal arrows are given by (33) and the right vertical arrow is given by (27).
One easily checks the surjectivity of the left vertical map and the commutativity of (34).
5.5. Families of Kolyvagin primes. The purpose of this subsection is to show that one
can manufacture a Galois-compatible sequence (ℓ±m)m≥1 of Kolyvagin primes. More precisely,
our goal is to prove
Proposition 5.6. There is a sequence ℓ±∞ = (ℓ
±
m)m≥1 of Kolyvagin primes for p
m satisfying
the following conditions:
(1) Frobℓ±m = [τg
±
m] in Gal(M
±
m/Q) with g
±
m ∈ Gal
(
M±m/Km(Epm)
)
such that
(g±m)m≥1 ∈ Gal
(
M±∞/K∞(Ep∞)
)
;
(2) restriction induces an injective group homomorphism
resℓ±m : Σ
±
m −֒→ E
(
Km,ℓ±m
)/
pmE
(
Km,ℓ±m
)
;
(3) p ∤ (ℓ±m + 1)
2 − a2
ℓ±m
.
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Proof. Notation being as in §5.2 and §5.4, for each choice of sign ± pick h
(±)
m = h
±,(±)
m ∈
Gal
(
L˜
±,(±)
m /L±m
)
such that the period of
(
h
(±)
m
)τ
h
(±)
m is pm
(±)
= pm
±,(±)
. To see the existence
of an element with this property, observe that if h
(±)
m corresponds to the homomorphism
φ :
(
Σ
±,(±)
m
)Gm → Epm then (h(±)m )τh(±)m corresponds to x 7→ ±τφ(x) + φ(x). In light of
this, to show the existence of such an h
(±)
m it suffices to choose a φ that takes a generator of(
Σ
±,(±)
m
)Gm to an element of order pm(±) in Epm . Define h±m := (h(+)m , h(−)m ) ∈ Gal(L˜±m/L±m)
and choose the sequence (h±m)m≥1 so that the image of h
±
m+1 via surjection (27) is h
±
m. Using
diagram (34), select also a compatible sequence of elements g±m ∈ Gal
(
M±m/Km(Epm)
)
such
that the image of g±m in Gal
(
L˜±m/L
±
m
)
is h±m. For every integer m ≥ 1 choose a prime number
ℓ±m such that
(35) Frobℓ±m = [τg
±
m] in Gal(M
±
m/Q).
Clearly, ℓ±m is a Kolyvagin prime and the required compatibility conditions are fulfilled by
construction, so (1) is satisfied. To check (2), we must show that the restriction is injective.
For this, fix a prime l±m of M
±
m above ℓ
±
m satisfying Frobl±m/ℓ±m = τg
±
m. Then the restriction of
Frobl±m/ℓ±m to Gal(L˜
±
m/L
±
m) corresponds to an injective homomorphism
φ
l±m/ℓ
±
m
:
(
Σ
±
m
)Gm −֒→ Epm
consisting in the evaluation at Frobl±m/ℓ±m ; namely, one has
φl±m/ℓ±m(s) = s
(
Frobl±m/ℓ±m
)
for all s ∈
(
Σ
±
m
)Gm . The choice of l±m determines a prime λ˜±m of Km above ℓ±m, and the
completion of Km at λ˜
±
m is isomorphic to the completion Kλ±m of K at the unique prime λ
±
m
of K above ℓ±m. It follows that the canonical restriction map
(36)
(
Σ
±
m
)Gm −֒→ E(Kλ±m
)/
pmE
(
Kλ±m
)
is injective, since the same is true of its composition with the local Kummer map and the
evaluation at Frobenius. Suppose now that s ∈ Σ
±
m is non-zero and resℓ±m(s) = 0. In par-
ticular, the submodule (R±ms)
Gm of
(
Σ
±
m
)Gm is sent to 0, via (36), in the direct summand
E
(
Kλ±m
)/
pmE
(
Kλ±m
)
of E
(
Km,ℓ±m
)/
pmE
(
Km,ℓ±m
)
corresponding to λ˜±m. Up to multiplying s
by a suitable power of p, we may assume that s is p-torsion. Now R±ms is a non-trivial Z/pZ-
vector space on which the p-group Gm acts. By [28, Proposition 26], the submodule (R
±
ms)
Gm
is non-trivial, and this contradicts the injectivity of (36). Summing up, we have proved that
all choices of a sequence ℓ±∞ = (ℓ
±
m)m≥1 satisfying (35) enjoy properties (1) and (2) in the
statement of the proposition.
The finer choice of a sequence ℓ±∞ satisfying (3) as well can be made by arguing as in the
proof of [23, Proposition 12.2, (3)]; see the proof of [19, Proposition 3.26] for details. 
5.6. Local duality. The aim of this subsection is to bound the Λ-rank of Λx ⊕ Λy by a
Λ-module V (ℓ±∞) that surjects onto Λx ⊕ Λy; as notation suggests, V (ℓ
±
∞) depends on the
choice of a compatible family ℓ±∞ = (ℓ
±
m)m≥1 of Kolyvagin primes as in §5.5.
By [22, Ch. I, Corollary 3.4], if F is a finite extension of Qp then the Tate pairing induces
a perfect pairing
〈·, ·〉F : H
1(F,E)pm ×E(F )/p
mE(F ) −→ Z/pmZ
that gives rise to a τ -antiequivariant isomorphism
δF : H
1(F,E)pm
≃
−→
(
E(F )/pmE(F )
)∨
.
If F is a number field and v is a finite place of F then we also denote 〈·, ·〉Fv by 〈·, ·〉F,v.
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Now let ℓ be a Kolyvagin prime for pm and write δm,λ as a shorthand for δKm,λ, where λ
is a prime of Km dividing ℓ. Taking the direct sum of the maps δm,λ over all the primes λ | ℓ,
we get a τ -antiequivariant isomorphism
(37) δm,ℓ : H
1(Km,ℓ, E)pm
≃
−→
(
E(Km,ℓ)/p
mE(Km,ℓ)
)∨
.
Composing δm,ℓ with the dual of the restriction resm,ℓ defined in (4) and the dual of the
inclusion Sel±m ⊂ Selpm(E/Km), we get a map
(38) H1(Km,ℓ, E)pm
δm,ℓ
−−→
(
E(Km,ℓ)/p
mE(Km,ℓ)
)∨ res∨m,ℓ
−−−−→ Selpm(E/Km)
∨ −։ (Sel±m)
∨
whose image we denote by V ±m (ℓ). By construction, V
±
m (ℓ) is an R
±
m-submodule of (Sel
±
m)
∨.
Proposition 5.7. Let ℓ±∞ be a sequence of Kolyvagin primes as in Proposition 5.6.
(1) For every m ≥ 1 there is a canonical surjection V ±m (ℓ
±
m)։ W
±,(ǫ)
m ⊕W
±,(−ǫ)
m .
(2) For every m ≥ 1 there is a canonical surjection V ±m+1(ℓ
±
m+1)։ V
±
m (ℓ
±
m).
Proof. Fix an integer m ≥ 1. Composing the isomorphism δm,ℓ±m in (37) with the dual of the
map resℓ±m introduced in part (2) of Proposition 5.6, we get a surjection
H1
(
Km,ℓ±m , E
)
pm
δ
m,ℓ±m−−−−→
(
E
(
Km,ℓ±m
)/
pmE
(
Km,ℓ±m
))∨ res∨m,ℓ±m−−−−−→ (Σ±m)∨
that, by definition, factors through V ±m (ℓ
±
m). Now
(
Σ
±
m
)∨
≃ im(ϑ±m), which is isomorphic to
W
±,(ǫ)
m ⊕W
±,(−ǫ)
m . Therefore we get an R˜±m-equivariant surjection
V ±m (ℓ
±
m) −։W
±,(ǫ)
m ⊕W
±,(−ǫ)
m ,
which proves part (1).
As for part (2), let us define the map V ±m+1(ℓ
±
m+1)→ V
±
m (ℓ
±
m). Consider the diagram
R
(+)
m+1 ⊕R
(−)
m+1 ≃ H
1
(
Km+1,ℓ±m+1
, E
)
pm
// //

V ±m+1(ℓ
±
m+1)

✤
✤
✤
  // (Sel±m+1)
∨
res∨

R
(+)
m ⊕R
(−)
m ≃ H1
(
Km,ℓ±m , E
)
pm
// // V ±m (ℓ
±
m)
  // (Sel±m)
∨
in which the left vertical surjection is a consequence of part (2) of Lemma 5.3 and the right
vertical arrow is surjective because Sel±m injects into Sel
±
m+1 via the restriction map denoted
by “res” (see Lemma 3.2 and §3.3). This diagram is commutative by the transfer formula
(see, e.g., [6, Ch. V, (3.8)]). In light of this, an easy diagram chasing shows the existence of
the desired (dashed) surjective homomorphism. 
In the rest of the paper, let ℓ±∞ = (ℓ
±
m)m≥1 denote a sequence of Kolyvagin primes as in
Proposition 5.6. It follows from part (2) of Proposition 5.7 that we can define the Λ-module
V ±(ℓ±∞) := lim←−
m
V ±m (ℓ
±
m).
Proposition 5.8. There is a surjection
V ±(ℓ±∞) −։ Λx⊕ Λy.
Proof. Taking the inverse limit of the maps in part (1) of Proposition 5.7 gives a surjection
(39) V ±(ℓ±∞) −։ lim←−
m
(
W±,(ǫ)m ⊕W
±,(−ǫ)
m
)
,
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where we use the fact that the projective system satisfies the Mittag–Leffler condition, as all
the modules involved are finite. On the other hand, with I±m as in (29), there is a short exact
sequence
0 −→ Z±m −→ I
±
m −→W
±,(ǫ)
m ⊕W
±,(−ǫ)
m −→ 0,
and passing to inverse limits shows that there is a short exact sequence
0 −→ lim
←−
m
Z±m −→ Λx⊕ Λy −→ lim←−
m
(
W±,(ǫ)m ⊕W
±,(−ǫ)
m
)
−→ 0.
Since Λx ∩ Λy = {0} and lim
←−m
Z±m ⊂ Λx ∩ Λy, we have lim←−m
Z±m = 0, therefore Λx ⊕ Λy is
isomorphic to lim
←−m
(
W
±,(ǫ)
m ⊕W
±,(−ǫ)
m
)
. Combining this with (39) gives the result. 
5.7. Kolyvagin classes. We briefly review the construction of Kolyvagin classes attached to
Heegner points.
Let m ≥ 0 be an integer and let ℓ be a Kolyvagin prime for pm; in particular, pm | ℓ + 1
and pm | aℓ. Assume also that p
m+1 ∤ ℓ + 1 ± aℓ. Let Hℓ be the ring class field of K of
conductor ℓ. The fields Km and Hℓ are linearly disjoint over the Hilbert class field H1 of
K and Gal(Hℓ/H1) is cyclic of order ℓ + 1. Let H
(p)
m,ℓ be the maximal subextension of the
composite KmHℓ having p-power degree over Km and set Gℓ := Gal
(
H
(p)
m,ℓ/Km
)
. By class
field theory, if nℓ := ordp(ℓ+ 1) then Gℓ ≃ Z/p
nℓZ; in particular, m |nℓ.
As in [14, §3] and [5, §2.1], we can define a Heegner point xℓpm ∈ X
D
0 (M)(Hℓpm) and, with
πE as in (9), set yℓpm := πE(xℓpm) ∈ E(Hℓpm). Let the integer d(m) be as in (10), then take
the Galois trace
αm(ℓ) := trH
ℓpd(m)
/H
(p)
m,ℓ
(yℓpd(m)) ∈ E
(
H
(p)
m,ℓ
)
.
Now fix a generator σℓ of Gℓ and consider the Kolyvagin derivative operator
Dℓ :=
pnℓ−1∑
i=1
iσiℓ ∈ Z/p
mZ[Gℓ].
One has (σℓ − 1)Dℓ = −trH(p)m,ℓ/Km
, hence
[
Dℓ
(
αm(ℓ)
)]
∈
(
E
(
H
(p)
m,ℓ
)/
pmE
(
H
(p)
m,ℓ
))Gℓ
,
where [⋆] denotes the class of an element ⋆ in the relevant quotient group. Now observe that,
thanks to condition (2) in Assumption 1.1, Ep
(
H
(p)
m,ℓ
)
is trivial (cf. [14, Lemma 4.3]). Taking
Gℓ-cohomology of the p
m-multiplication map on E
(
H
(p)
m,ℓ
)
gives a short exact sequence
0 −→ E(Km)/p
mE(Km) −→
(
E
(
H
(p)
m,ℓ
)/
pmE
(
H
(p)
m,ℓ
))Gℓ
−→ H1
(
Gℓ, E(H
(p)
m,ℓ)
)
pm
−→ 0.
Composing the arrow above with the inflation map gives a map
(40)
(
E
(
H
(p)
m,ℓ
)/
pmE
(
H
(p)
m,ℓ
))Gℓ
−→ H1
(
Gℓ, E(H
(p)
m,ℓ)
)
pm
−→ H1(Km, E)pm .
Definition 5.9. The Kolyvagin class dm(ℓ) ∈ H
1(Km, E)pm is the class corresponding to
[Dℓ(αm(ℓ))] under the map (40).
For any Kolyvagin prime ℓ for pm fix a τ -antiequivariant isomorphism of Rm-modules
(41) φm,ℓ : H
1(Km,ℓ, E)pm
≃
−→ E(Km,ℓ)/p
mE(Km,ℓ)
as in [2, §1.4, Proposition 2]. If v is a place of a number field F and c ∈ H1(F,M) for a
GF -module M , we write resv(c) for the restriction (or localization) of c at v; if q is a prime
number, we write resq(c) for the sum of the localizations at the primes of F above q.
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For the next result, recall from §4.2 that zm := trH
pd(m)
/Km
(
ypd(m)
)
∈ E(Km).
Proposition 5.10. The class dm(ℓ) enjoys the following properties:
(1) if v is a (finite or infinite) prime of Km not dividing ℓ then resv(dm(ℓ)) is trivial;
(2) φm,ℓ
(
resℓ(dm(ℓ))
)
= [resℓ(zm)].
Proof. See [14, Proposition 6.2] or [2, §1.4, Proposition 2]. 
5.8. Global duality. In this subsection we use Kolyvagin classes, combined with global
reciprocity laws, to bound the rank of the Λ-module V ±(ℓ±∞) that was introduced in §5.6 and
surjects onto Λx⊕ Λy.
Fix a sequence of Kolyvagin primes ℓ±∞ = (ℓ
±
m)m≥1 as in §5.6. For every m ≥ 1 define
d+m = d
+
m(ℓ
+
∞) :=


dm(ℓ
+
m) if m is even
dm−1(ℓ
+
m−1) if m is odd
and
d−m = d
−
m(ℓ
−
∞) :=


dm−1(ℓ
−
m−1) if m is even
dm(ℓ
−
m) if m is odd.
From now on, in order to ease the notation write
µ(m) :=


m if (the sign is + and m is even) or (the sign is − and m is odd)
m− 1 if (the sign is + and m is odd) or (the sign is − and m is even).
With this convention in force, d±µ(m) belongs to H
1
(
Kµ(m), E
)
pµ(m)
. Now recall that if F is a
number field, s ∈ H1(F,Epm) and t ∈ H
1(F,E)pm then
(42)
∑
v
〈
resv(s), resv(t)
〉
F,v
= 0,
where v ranges over all finite places of F and 〈·, ·〉F,v is the local Tate pairing at v. By part
(1) of Proposition 5.10, the class d±µ(m) is trivial at all the primes not dividing ℓ
±
µ(m), hence
equality (42) implies that
(43)
(
δℓ±
µ(m)
◦ resℓ±
µ(m)
)(
d±µ(m)
)
= 0.
The morphism in (38) defining V ±(ℓ±µ(m)) factors as
H1
(
Kµ(m),ℓ±
µ(m)
, E
)
pµ(m)
−։ H1
(
Kµ(m),ℓ±
µ(m)
, E
)
pµ(m)
/(
ω±µ(m)
)
−։ V ±(ℓ±µ(m)) ⊂
(
Sel±µ(m)
)∨
because the target is ω±µ(m)-torsion. Define D
±
µ(m) to be the R
±
µ(m)-module generated by the
image resℓ±
µ(m)
(d±µ(m)) of d
±
µ(m) in H
1
(
Kµ(m),ℓ±
µ(m)
, E
)
pµ(m)
/(
ω±µ(m)
)
. The decomposition in part
(2) of Lemma 5.3 induces a decomposition
H1
(
Kµ(m),ℓ±
µ(m)
, E
)
pµ(m)
/(
ω±µ(m)
)
≃
(
R±µ(m)
)(ǫ)
⊕
(
R±µ(m)
)(−ǫ)
.
Now we collect two lemmas that will be used in the proof of Proposition 5.13 below. First of
all, recall the map ψ±µ(m) : E
±
µ(m) →
(
R±µ(m)
)(ǫ)
of Proposition 5.5.
Lemma 5.11. resℓ±
µ(m)
(
E±µ(m)
)
≃ ψ±µ(m)
(
E±µ(m)
)
= R±µ(m)θ
±
µ(m) as R˜
±
µ(m)-modules.
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Proof. We know from the discussion in §5.3 that E±µ(m) is a submodule of Σ
±
µ(m), so there is
an injection
(44) E±µ(m)
/(
E±µ(m) ∩ ker
(
(ϑ±µ(m))
∨
))
−֒→ Σ
±
µ(m)
where
(
ϑ±µ(m)
)∨
is defined in (19). Part (2) of Proposition 5.6 shows that composing (44) with
the restriction map resℓ±
µ(m)
produces an injection
E±
µ(m)
/(
E±
µ(m)
∩ ker
(
(ϑ±
µ(m)
)∨
))
−֒→ E
(
Kµ(m),ℓ±
µ(m)
)/
pµ(m)E
(
Kµ(m),ℓ±
µ(m)
)
whose image is equal to resℓ±
µ(m)
(
E±µ(m)
)
. Finally, from the definition of ψ±µ(m) in Proposition
5.5 we see that ψ±µ(m)
(
E±µ(m)
)
≃ E±µ(m)
/(
E±µ(m) ∩ ker
(
(ϑ±µ(m))
∨
))
, and we are done. 
Lemma 5.12. (1) D±µ(m) ≃
(
R±µ(m)
)(−ǫ)
θ±µ(m) as R˜
±
µ(m)-modules.
(2) D±µ(m) ∩
(
H1
(
Kµ(m),ℓ±
µ(m)
, E
)(ǫ)
pµ(m)
/(
ω±µ(m)
)
⊕ {0}
)
= {0}.
Proof. For simplicity set
M := E
(
Kµ(m),ℓ±
µ(m)
)/
pµ(m)E
(
Kµ(m),ℓ±
µ(m)
)
, H := H1
(
Kµ(m),ℓ±
µ(m)
, E
)
pµ(m)
.
We know that resℓ±
µ(m)
(
E±µ(m)
)
⊂ M
ω±
µ(m)
=0
and that the map M
ω±
µ(m)
=0
→ M
/
ω±µ(m)M is
injective. On the other hand, the isomorphism φ = φµ(m),ℓ±
µ(m)
of (41) gives a commutative
diagram
(R±µ )
(ǫ)
⊕ (R±µ )
(−ǫ)

H(ǫ)/(ω±µ ) ⊕ H
(−ǫ)/(ω±µ )
≃oo
φ
// M(−ǫ)/(ω±µ ) ⊕ M
(ǫ)/(ω±µ )
≃ // (R±µ )
(−ǫ)
⊕ (R±µ )
(ǫ)

(R±µ )
(−ǫ)
≃ // (R±µ )
(ǫ)
in which we have set µ := µ(m) and the right and left isomorphisms in the top row are a
consequence of parts (1) and (2) of Lemma 5.3, respectively. By part (2) of Proposition 5.10,
the class of resℓ±
µ(m)
(d±µ(m)) in H
/(
ω±µ(m)
)
is sent to the class of
[
resℓ±
µ(m)
(
z±µ(m)
)]
inM
/(
ω±µ(m)
)
.
Combining Lemma 5.11 with the diagram above proves (1) and (2) simultaneously. 
We are now ready to prove the main result of this subsection.
Proposition 5.13. The rank of V ±(ℓ±∞) over Λ is at most 1.
Proof. We prove the proposition for sign +, the other case being similar. For every m ≥ 1
consider the Kolyvagin class d+µ(m) ∈ H
1
(
Kµ(m), E
)
pµ(m)
defined above and the submodule
D+µ(m) ⊂ H
1
(
Kµ(m),ℓ+
µ(m)
, E
)(±ǫ)
pµ(m)
/(
ω+µ(m)
)
generated over R+µ(m) by d
+
µ(m). Let ξ
(±ǫ)
µ(m) denote
generators of H1
(
Kµ(m),ℓ+
µ(m)
, E
)(±ǫ)
pµ(m)
as R˜µ(m)-modules. The images ξ¯
(±ǫ)
µ(m) of the classes of
ξ
(±ǫ)
µ(m) are generators of the quotients H
1
(
Kµ(m),ℓ+
µ(m)
, E
)(±ǫ)
pµ(m)
/(
ω+µ(m)
)
as R˜+µ(m)-modules. The
image of the cyclic R+
µ(m)
-module D+
µ(m)
is then generated by the image of an element of the
form η(ǫ)ξ
(ǫ)
µ(m) + η
(−ǫ)ξ
(−ǫ)
µ(m) for suitable η
(±ǫ) ∈ Rµ(m), and hence isomorphic to the principal
R+µ(m)-module R
+
µ(m)
(
η(ǫ), η(−ǫ)
)
. Using the isomorphism R+µ(m) ≃ ω˜
−
µ(m)Rµ(m) of Lemma 5.4,
we see that
R+µ(m)
(
η(ǫ), η(−ǫ)
)
≃ Rµ(m)ω˜
−
µ(m)
(
η(ǫ), η(−ǫ)
)
, R+µ(m)θ
+
µ(m) ≃ Rµ(m)ω˜
−
µ(m)θ
+
µ(m).
24 MATTEO LONGO AND STEFANO VIGNI
Applying part (1) of Lemma 5.12, we obtain an isomorphism
Rµ(m)ω˜
−
µ(m)θ
+
µ(m) ≃ Rµ(m)ω˜
−
µ(m)
(
η(ǫ), η(−ǫ)
)
.
Now [2, §1.2, Lemma 7] shows that ω˜−µ(m)θ
+
µ(m) | ω˜
−
µ(m)
(
η(ǫ), η(−ǫ)
)
, so there are ρµ(m), νµ(m) ∈
Rµ(m) such that ω˜
−
µ(m)
(
η(ǫ), η(−ǫ)
)
= ω˜−µ(m)θ
+
µ(m)
(
ρµ(m), νµ(m)
)
. Since ω˜−µ(m)Rµ(m) ≃ R
+
µ(m),
this implies that D+µ(m) is generated over R
+
µ(m) by the image of an element of the form
θ+µ(m)
(
ρµ(m), νµ(m)
)
. By part (2) of Lemma 5.12, we also know that νµ(m) ∈ R
×
µ(m). Let us
define
Wµ(m) := R
+
µ(m)
(
ρµ(m)ω
−
µ(m)ξ¯
(ǫ)
µ(m) + νµ(m)ω
−
µ(m)ξ¯
(−ǫ)
µ(m)
)
.
Then
H1
(
Kµ(m),ℓ+
µ(m)
, E
)
pµ(m)
/(
ω+µ(m)
)
≃ H1
(
Kµ(m),ℓ+
µ(m)
, E
)(ǫ)
pµ(m)
/(
ω+µ(m)
)
⊕Wµ(m),
from which we deduce that
θ+µ(m)H
1
(
Kµ(m),ℓ+
µ(m)
, E
)
pµ(m)
≃ θ+µ(m)H
1
(
Kµ(m),ℓ+
µ(m)
, E
)(ǫ)
pµ(m)
⊕ resℓ+
µ(m)
(
Rµ(m)d
+
µ(m)
)
.
Using (43) we see that the image of resℓ+
µ(m)
(
d+µ(m)
)
via (38) is trivial. Thus we get
δµ(m),ℓ+
µ(m)
(
θ+µ(m)H
1
(
Kµ(m),ℓ+
µ(m)
, E
)
pµ(m)
)
≃ δµ(m),ℓ+
µ(m)
(
θ+µ(m)H
1
(
Kµ(m),ℓ+
µ(m)
, E
)(ǫ)
pµ(m)
)
.
Therefore, recalling the definition of V +
(
ℓ+µ(m)
)
, we conclude that there is an isomorphism of
R+µ(m)-modules
θ+µ(m)V
+
(
ℓ+µ(m)
)
≃ δµ(m),ℓ+
µ(m)
(
θ+µ(m)H
1
(
Kµ(m),ℓ+
µ(m)
, E
)(ǫ)
pµ(m)
)
.
It follows that θ+µ(m)V
+
(
ℓ+µ(m)
)
is a cyclic R+µ(m)-module for all m ≥ 1. Since θ
+
∞ ∈ Λ and
Λ = lim←−mR
+
µ(m), it follows that the Λ-module θ
+
∞V
+(ℓ+∞) is cyclic, and then V
+(ℓ+∞) is cyclic
over Λ as well. 
5.9. Completion of the proof of Theorem 5.1. Recall from the beginning of Section 5
that our goal is to show that the element y ∈ ker(π±) is Λ-torsion. But this is immediate:
the Λ-module Λx is free of rank 1 because x is not Λ-torsion, hence combining Propositions
5.8 and 5.13 shows that Λy is Λ-torsion, which concludes the proof.
We remark that the arguments described above give also a proof of
Corollary 5.14. The Λ-module V ±(ℓ±∞) has rank 1.
6. Applications to Selmer and Mordell–Weil groups
As an application of Theorem 5.1, in this final section we prove results on the growth of
Selmer and Mordell–Weil groups along the finite layers of K∞/K.
6.1. Growth of Zp-coranks of Selmer groups. In this and the next subsection it will
be convenient to use the “big O” notation: given two functions f, g : N → C, we write
f(m) = g(m) +O(1) if |f(m)− g(m)| is bounded by a constant that does not depend on m.
Theorem 6.1. If D = 1 then corankZp
(
Selp∞(E/Km)
)
= pm +O(1).
Proof. By [7, Theorem 3.1], corankΛ
(
Selp∞(E/K∞)
)
= 2 = [K : Q], so [16, Proposition 6.1]
guarantees that Hypothesis (W) of [16, §6.1] holds in our setting. Moreover, by Theorem
5.1 we know that rankΛ(X
+
∞) = rankΛ(X
−
∞) = 1, and the desired formula follows from [16,
Proposition 7.1]. 
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Remark 6.2. Once [7, Theorem 3.1] is extended to the case where D > 1, the assumption
“D = 1” in Theorem 6.1 (and in Corollary 6.5 below) can be dropped.
Theorem 6.1 proves [3, Conjecture 2.1] when p is a supersingular prime for E (subject to
the conditions of Assumption 1.1) and K∞ is the anticyclotomic Zp-extension of K (since
we are assuming that E has no complex multiplication, in the terminology of [3] we are in
the “generic” case). The counterpart of this result for ordinary primes ([3, Lemma 4.4]) is a
consequence of a combination of Mazur’s “control theorem” ([20]; see also [13, Theorem 4.1])
with [2, Theorem A] and [9, Theorem, p. 496].
Remark 6.3. It is worth pointing out that a result like the one in [7, Theorem 3.1] alone does
not seem to yield the asymptotic growth of corankZp
(
Selp∞(E/Km)
)
that was described in
Theorem 6.1. This insufficiency is accounted for by the failure, in the supersingular case, of
the control theorem in its “classical” form. More precisely, what one can prove by combining
the equality corankΛ
(
Selp∞(E/K∞)
)
= 2 with standard Iwasawa-theoretic arguments is that
corankZp
(
Selp∞(E/K∞)
Γm
)
= 2pm +O(1) (cf. [13, p. 457] for details).
Remark 6.4. Theorem 6.1 could also be obtained independently of Theorem 5.1 by using the
results of [4] as in [7, §2.2], provided we knew that L′(E/K , χ, 1) 6= 0 for all but finitely many
finite order characters χ : G∞ → C
×. Unfortunately, the strongest non-vanishing result that
we are aware of is [10, Theorem 1.5], which holds only for infinitely many χ.
6.2. Growth of Mordell–Weil ranks. In the following, let Xp∞(E/Km) denote the p-
primary Shafarevich–Tate group of E over Km. The usual relations between Mordell–Weil,
Selmer and Shafarevich–Tate groups of elliptic curves over number fields lead to
Corollary 6.5. If D = 1 and Xp∞(E/Km) is finite for m ≫ 0 then rankZ
(
E(Km)
)
=
pm +O(1).
Proof. If Xp∞(E/Km) is finite then E(Km)⊗Qp/Zp has finite index in Selp∞(E/Km), hence
corankZp
(
E(Km)⊗Qp/Zp
)
= corankZp
(
Selp∞(E/Km)
)
. On the other hand, rankZ
(
E(Km)
)
=
corankZp
(
E(Km)⊗Qp/Zp
)
, and the searched-for formula follows from Theorem 6.1. 
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